Abstract. In this paper, some preliminary results on identi cation of di usive models using input/output measurements are proposed. The idea consists in considering a nite dimensional a p p r o ximation of the di usive model and formulating an optimisation problem of a least square error type. To i d e n tify such a model, it is necessary to estimate a distribution which f u l l y c haracterises the system dynamics. This distribution constitutes the unknown of the problem. These results are applied to the model identi cation of a lead acid battery.
Introduction
Di usive representation was initially introduced in 1] with the aim of representing fractional operators in a state space model formulation, the state belonging to an appropriate Hilbert space.
Practically there exist, numerous systems or phenomena with long memory dynamics which can be accurately modelised by fractional integrodi erential operators. In the context of control theory, the representation through a state space model o ers an interesting setting both for modelling or controller design problems 1], 2]. Moreover, this description happens in an in nite dimensional framework and convergent approximations are possible and well-suited 2].
Modelling a real system is a di cult task which can be solved in some cases, using identi cation methods. In the context of nite dimensional linear systems, there exists an important literature, and numerous methods have p r o ven to be e cient 4 ]. In the one of non integer order linear systems, an extension of classical identi cation methods was done in 10], 11], 9] de ning ARX and ARMAX models to the non integer case.
In this paper, some results on identi cation of di usive models using input/output measurements are proposed. The idea consists in considering a nite dimensional approximation of the original state space di usive model and formulating an optimisation problem of a least square error type. To i d e n tify such a model, it is necessary to estimate a distribution which fully characterise the system dynamics. This distribution constitutes the unknown of the problem.
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The paper is organised as follows. The following section recalls some basic facts on di usive state space representation of integrodi erential operators and the corresponding nite dimensional approximations. section 3 presents the identi cation method with some of its possible extensions. Section 4 is devoted to the illustration of the method on a lead acid battery. W e end the paper by some concluding remarks and prospectives.
Preliminaries
In this paragraph, we brie y recall the di usive realisations of fractional integrodi erential operator. The interested reader is referred to 1] or 3] for more details. This kind of realisation was rst introduced in 1] and used to solve o r explain a wide variety of problems where the "fractional nature" is present a n d central 3], 2]. An example of such operator is given by the fractional integration de ned as : y = I u (2.1) where > 0 is the real order of integration, u is the input and y is the output. The Laplace transform of the convolution kernel associated to (2. In 3], it is shown that de ning an appropriate space of distributions , (2.5) can realize a wide class of operators with a Banach space structure, which i s o f g r e a t interest for optimisation problems (such as identi cation). This class includes the "integrodi erential operators" of order less than 1 3] . Now for computational and practical reasons, it is often necessary to consider a nite dimensional approximation of (2.5). To obtain this approximated model, a nite number of values of are considered, say = f k g k=1 N R + and a nite dimensional approximation of (2.5) can be written as :
Note that X i (t) = X( i t ). The output approximation denoted by y(t) is obtained in two steps 2] :
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-constructing a state approximation using interpolating functions k
Hence, writing the approximated model in a classical state equation form leads to : where V is an appropriate Hilbert space f o r X and X.
In 2] some choices for the interpolating functions and for the set are proposed. In the numerical example discussed in this paper, a geometric sequence is considered. N values of are taken in the interval min max ] s u c h that k+1 = r k , r being equal to ( min = max ) 1=(N;1) . This frequently used choice 7] produces a linear sequence of pulsations on a Bode plot and o ers a good compromize between the width of the band of interest and the complexity of the obtained approximation.
Identification of a diffusive model
We consider the case where we only dispose of measurements (input, output) obtained from an experiment on a real system. If the system can be modelized by a di usive equation such as (2.5), a way to deduce a model is to extract from the data, an estimation of by an identi cation procedure. We suppose that we dispose of measurementsû andŷ on the interval of time T i T f ].
The infinite dimension framework
The objective i s t o i d e n tify an input/output di usive model :
The main feature of the previous model is that structure of the state equation is xed. The di erence between two models is captured through the distribution . In fact, among the equivalent realisations proposed in 2], (3.1) seems to be the more adequate for the purpose of identi cation, because appears linearly on the output of the model.
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If we express the output through the convolutionproduct denoted by * , w e obtain 3] :
Associated to the previous expression, let us de ne the operator K u :
(e ;t u) ( )d : where M is a convenient Hilbert space of distributions. a ects the data and di usive model is not able to capture all the physical phenomena (nonlinearities,...). For these reasons, the identi ed model do not t exactly the data. From a mathematical point of view, this means that it does not exist^ , solution of y = Kû^ : A w ay to solve the identi cation problem is to nd a^ which m i n i m izes in some sense the error betweenŷ and Kû^ , for example the distance :
kŷ ; Kû^ k L 2 (Ti Tf) : It is well-known that the solution of this optimisation problem is given by :
where K û is the dual operator of Kû de ned by :
This solution is the best solution in the sense of this least square error. Note that other hilbert spaces could be chosen, for example Sobolev spaces H k (T i T f ) 8 ], for additional physical informations.
The finite dimension framework
Suppose that we a p p r o ximate the model (3.1) choosing as described above, a nite number of values of , = f k g k=1 ::: N R + . The approximate model reads :
Here, a remark is necessary to discuss this approximation with respect to the one de ned by (2.7). In section 2, an approximation of the state X( t) is performed by means of interpolating functions while in the model (3. In the case where u(t) = (t), we h a ve : which allows to compute from a given impulse response. 
On line identification
In some cases, it is interesting to derive an algorithm which updates the measurê when a new measurement i s a vailable. When the system is slowly time varying, it allows to identify on line the parameter^ . Adopting a classical scheme 4], we obtain a recursive least square algorithm. If H(k) denotes the k th row o f H and (k) t h ê estmation at step k respectively, w e h a ve :
Now de ning :
! ;1 and remarking that :
we obtain after some elementary calculations involving the matrix inversion lemma, the algorithm : We apply the proposed method to the identi cation of the dynamic model of a lead acid battery. The considered input is the current and output is the voltage. In fact, the obtained model is the impedance of the battery for a particular operational mode.
A lot of works has been done on the impedance study of lead acid batteries 12], 13], 14], 15]. In almost all these works, this study has been done using a transfer function analyser. It is well known that the phenomena behind the dynamic behavior of a battery are very complex and di cult to explain. In some of these works and particularly 14], the fractional character of the battery dynamic behavior was pointed out and explained through the fractal geometry of the relation which controls the interfacial energy and mass exchange 14] .
Here the objective is to show, considering the battery as a "blackbox", how t o derive a di usive model which captures its dynamic behavior. The interpretation of the obtained results in terms of the underlying physical phenomena is not the aim here, but this aspect could be considered from an in nite dimension version of the identi cation model (namely under a heat equation representation) . This is under study.
Two experiments are performed. The rst one corresponds to a 50% discharge of the fully charged battery by constant i n tensity currents. Two cycles are considered. The discharge current is constant during 7 minutes for the rst and two m i n utes for the second. Between the two cycles, the battery is quiescent during two hours. Figure 1 illustrates this experiment. In that experiment, the sampling period is equal to 1 s. In order to apply the identi cation method, we h a ve to de ne the approximation set . It seems to be acceptable to take min = 1 = T and if we w ant t o c o ver D decades, we take max = 1 0 D = T. A s m e n tionned in section 2, a geometric sequence of values of is considered. In the case of a battery, the output voltage varies around a constant voltage Y 0 (around 2 V per element). This constant will also beidenti ed by t h e identi cation procedure as explained in remark 3. Figure 3 shows how t h e identi ed model ts the data (the measured signal are also represented in this gure). In order to evaluate its validity, w e test the model with measured data di erent to those which allowed the model identi cation. The comparison is given in gure 4. From the previous simulations, we observe a good agreement b e t ween the real system behavior and the one of the identi ed model which captures the dynamic behavior of the battery.
Another point appearing clearly is the fractional character of the model (see gure 2), in accordance with some physical studies and interpretation on the battery impedance 12]. In this case, the fractional order is around 0.25.
In the second experiment, we consider an initially fully charged battery, discharged by constant currents of about 10 A. Between the discharge phases, the model with the data of the rst experiment, we obtain the curves in gure 8. The identi ed model does not t so correctly the data of the rst experiment. The values of currents vary between 0 A and 30 A while in the second experiment t h e current i s m a i n tained constant at 10 A. Roughly speaking, the system presents non negligible nonlinearities which c a n n o t b e t a k en into account from our linear Figure 8 . "{" model ouput, "-" system output"
approach. Note that the obtained model is valid around values of variables used for the identi cation.
Conclusion
We h a ve presented a simple methodology to obtain a di usive model from an input /output experiment on the system to be modelized. The crucial assumption is that the system behavior can be represented by a di usive operator. Such systems or phenomena are frequently encountered in practice. The presented results must be considered as preliminar and a lot of problems have t o b e i n vestigated more precisely. Among them we can extract the followings :
In practice some noises a ect the system and for modelling purpose, it is necessary to take t h e m i n to account as done classically in identi cation problems. In this case, the e ect of noise on the identi ed model has to be studied in detail.
In the example treated in this paper, we can note that the estimation of alternates in sign. From a physical point of view, it seems to be natural that the function be positive. Indeed, in this case, the di usive model possesses the passivity property and from a physical point of view, it is in conformity with the second principle of thermodynamics. In fact these problems are closely related to the mathematical framework and convergence problems in functional spaces. This suggests a rede nition of the identi cation problem in convenient hilbert spaces for u and y (Sobolev spaces) in place of L 2 (T i T f ) a n d L 2 (R + ). This problem constitutes one of the major point t o b e i n vestigated in a near future. Finally, the construction of an in nite dimension model could be of great interest for taking into account nonlinearities which are signi cant in PbO2/SO4 batteries
